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61. INTRODUCTION
Control processes of the environment acoustical hazards are 
of an undeniable importance for the environment protection 
politics. At a macro level, related to the development of the 
environment protection programs as well as at a micro level 
concerning the given object of excessive noise emissions. 
The proper control of the environment acoustical state is 
crucial for undertaking the proper administrative decisions 
leading to limiting the noise hazards. They are also insep-
arably related to the veri¿ cation processes of the strategic 
noise maps and environment acoustical protection programs 
corresponding to them.
The measurement procedure of the control system of the 
environment acoustical hazard is divided into two stages. In 
the ¿ rst stage the results of the sound LA  level are collected 
and recorded, while in the second stage they are processed in 
order to assess values of the controlled noise indicator. In 
this approach traditional statistical inferences – determined 
in the international document (International Organization 
for Standarization 1995), issued by seven most important 
metrological organizations – are applied. Their concept as-
sumes the equivalence of measurement assessments treated 
in a form of random variables, which are further undergoing 
processing in accordance with the calculus of probability. It 
assumes the axiomatic that the most probable value of the 
unknown observation is the arithmetical mean of the data 
collection obtained under the same measurement conditions. 
Such procedure is hedged with the assumption that at a suf-
¿ ciently large number of measuring results it is possible to 
assume that the obtained values distribution is in a form of 
the density probability distribution. Such conditions are 
commonly used in the current control methods of noise indi-
cators describing the environment acoustical climate state. 
In general, the correctness of such approach, especially the 
likelihood of the assumption of the normal probability distri-
bution of the random test results of sound level measure-
ments, is not discussed.
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SUMMARY
The authors focus their attention on the identi¿ cation of the probability distribution density function of the sound level, 
which constitutes the basis for the proper statistical inferences and uncertainty assessments in the environment acousti-
cal hazard control. Their functional form is a metric for the analysis of acoustical measurement results burdened with 
random errors. Its proper selection conditions the rightness of statistical inferences in relation to the analysed noise 
effect. The problem of identi¿ cation of the noise level probability distribution form was presented on the grounds of the 
sound LA  level monitored at one of the main streets in Lublin. The analysis of differences and references to the normal 
distribution form, commonly applied to statistical analysis of the acoustical measurement results, was carried out. It is 
the aim of the authors, that the presented results should become the basis of a broader discussion concerning new esti-
mation procedures of the controlled noise indicators and their uncertainty assessment. Also new veri¿ cation procedures 
of the rightness of model acoustical formalisms, assumed in numerous environment acoustic investigations, are re-
quired.
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SPOSÓB ESTYMACJI FUNKCJI GĉSTOĝCI ROZKàADU PRAWDOPODOBIEēSTWA 
DLA LOSOWEJ PRÓBY WYNIKÓW POMIARU POZIOMÓW DħWIĉKU
W artykule przedstawiono sposób estymacji funkcji gĊstoĞci rozkáadu prawdopodobieĔstwa dla losowej próby wyników 
pomiaru poziomów dĨwiĊku LA  przesuniĊtym rozkáadem gamma. Sformuáowano potrzebĊ jej znajomoĞci w kontekĞcie 
Ğrodowiskowych akustycznych badaĔ kontrolnych i związanych z nimi ocen ich niepewnoĞci. Dokonano analizy róĪnic 
i odniesieĔ do postaci rozkáadu normalnego, powszechnie wykorzystywanego w statystycznych analizach wyników po-
miarów akustycznych. W zamierzeniu autorów zaproponowane rozwiązanie winno staü siĊ podstawą szerszej dyskusji 
nad poszukiwaniami nowych algorytmów estymacji kontrolowanych wskaĨników haáasu oraz ocen ich niepewnoĞci, 
a takĪe procedur identy¿ kacji i wery¿ kacji akustycznych formalizmów modelowych przyjmowanych w badaniach. 
Sáowa kluczowe: pomiary akustyczne, statystyczna analiza wyników pomiarów, estymacja rozkáadów prawdopodo-
bieĔstw, niepewnoĞü
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The correctness problem of this assumption can be the 
source of errors of the controlled noise indicators estima-
tion. This problem is recently more and more often indicated 
(Batko and Przysucha 2011; Batko and StĊpieĔ 2009, 2010, 
2011; Wszoáek 2006), and also questioned by the results of 
the environment acoustical monitoring.
Thus, investigations directed towards the determination of 
the proper form of the probability density distribution of sound 
LA levels are justi¿ ed. Solution of this problem constitutes the 
contents of the paper. The authors directed their attention to 
the possibility of attributing the gamma distribution to the ran-
dom test results of the sound LA level measurements. Its prop-
erties were analysed in relation to their approximation by the 
normal distribution and by the trimmed-normal distribution.
2. ANALYSIS 
    OF THE PROBABILISTIC VARIABILITY 
    OF RESULTS OF SOUND LA LEVEL 
    MEASUREMENTS IN A RANDOM TEST
The practice of measuring sound levels and carrying out re-
lated to it statistical analysis of results variability in random 
test indicate the necessity of introducing different character-
istics of the probability distribution than the normal one. The 
main difference between the assumed normal distribution of 
the sound LA level measurements and its empirical represen-
tation, is generally observable in acoustical measurements 
of the empirical distribution asymmetry.
In statistical investigations of the variability sound LA  
level value usually the left hand side asymmetry is observed 
(the mean situated on the left from the modal value), less 
often the right hand side (the means situated on the left from 
the modal value). The coef¿ cient of skewness of the prob-
ability density distribution is often different from zero, in 
contrast to the normal distribution symmetry properties.
Considered in the paper analysis of sound level probabil-
ity distribution was carried out for the results of the sound 
LA level measurements, performed at one of the main arter-
ies in Lublin. It can serve as the illustration of the mentioned 
above observations.
The empirical histogram, describing the density proba-
bility distribution for the obtained results of the sound level 
control, was determined for the measurements illustrating 
variability of the control test results (Fig. 1). This is de-
scribed by the distributive sequence of parameters present-
ed in table 1.
Table 1
Parameters of the distributive sequence for data obtained in me-
asurements 
Maximum value xmax 101.3 dB
Minimum value xmin 39.9 dB
Class number k 62
Data range R 61.4 dB
Class length B 1 dB
While creating the frequency histogram, the class number 
was assumed as 62, at the class length being 1 dB. The fre-
quency histogram representing the measurement results of 
the noise emission is presented in ¿ gure 2.
Squares in the diagram illustrate minimal and maximal 
values of the noise level, while the triangle marks the mean 
value representing sound level variability. Statistical param-
eters: mean value, standard deviation, skewness coef¿ cient 
or kurtosis are given in table 2.
Table 2
Statistical parameters of the distributive sequence 
for the measurement data
Statistical parameters Symbol Value Error
Mean μ 55.2 dB 0.1 dB
Standard deviation σ 7.1 dB 0.1 dB
Skewness coef¿ cient ρ 0.525 0.0204
Kurtosis K –0.06 (2.94) 0.0408
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Fig. 1. Sound level measurement results
8As is seen from table 2, for the empirical data considered, 
the skewness coef¿ cient ρ = 0 525.  with deviation 0.0204. 
Such a result is statistically different from the normal distri-
bution, for which ρN = 0. This can indicate that the hypoth-
esis of the normal distribution of the sound level results is 
not fully reliable.
This problem constituted also the basis of the veri¿ ca-
tion by means of the Kolmogorov test, with the assumed al-
lowable signi¿ cance level of error: Į = 0.1. The approxima-
tion of the density probability distribution function for the 
sound level results by the normal distribution, necessary in 
this test, was realized by the method of moments (MM), the 
non-linear least squares method (NLMS) and the minimal 
likelihood method (MLM). The set of coef¿ cients obtained 
in these procedures is presented in table 3.
Table 3
List of test coef¿ cients for the hypothesis of the estimation errors 
normal distribution 
Estimation method MM NLSM MLM
Coef¿ cient in the Kolmogorov 
test, at the signi¿ cance level: 
α = 0 1.  
0.56 0.33 0.32
Critical statistics 0.153 0.153 0.153
Results presented in the table 3 revealed that the assump-
tion of the normality of estimation errors is not met. In case of 
applying the mentioned estimation procedure, approximation 
of the probabilistic variability of the acoustical measurements 
by the normal distribution led to the rejection of the hypothe-
sis of its permissibility at the signi¿ cance level: α = 0 1. .
This effect can result from the observed certain dual-mo-
dality of the sound level results distribution, which is more 
visible when the empirical distribution is presented in 5-sec-
onds intervals (Fig. 3). 
The properties of the random acoustical investigations 
discussed above pose a problem of looking for the proper 
probability distribution representing the measured acousti-
cal results. Its knowledge is necessary for proper and ef¿ -
cient programming of the control investigations of the envi-
ronment acoustical hazard state.
In the analysis of the selection of the proper function 
form, describing density of the probability distribution for the 
obtained results of the sound level control, we limited oursel-
ves to their representation by the normal distribution, trim-
med-normal distribution and the shifted-gamma distribution.
Let us mark the function of the normal distribution densi-
ty N μ σ,( )  by f xN ( ):
f x
x
N ( ) exp= −
−( )⎛
⎝
⎜
⎜
⎞
⎠
⎟
⎟
1
2 2
2
2πσ
μ
σ
 (1)
0
0,02
0,04
0,06
0,08
0 20 40 60 80 100 120
sound level [dB]
fre
qu
en
ci
es
Fig. 2. Empirical frequency histogram for data obtained in measurements
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Fig. 3. Frequency histogram of 5-seconds empirical measurement data of sounds LA  level
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Let us mark the function of the trimmed normal distribu-
tion, being the representation of the sound level measurement 
LA in the range: x LAmax max=  and x LAmin min=  by f xU ( )
f x
F x F x
f xU
N N
N( )
( ) ( )
( )
max min
=
−
1  (2)
where:
F x f y dyN N
x
( ) ( )=
−∞
∫  (3)
However, by g x( )  let us mark the density function of the 
shifted gamma distribution: 
g x x x e x x
x x
( ) ,min min
min
=
( )
−( ) ≥−
−
−
1 1
β αα
α β
Γ
    (4)
where:
Γ( )z t e dtz t= − −
+∞
∫ 1
0
  (5)
is the gamma Euler function: z C∈ > >, ,α β0 0 .
The essential problem in approximating the results of 
control tests by gamma distribution is the problem of select-
ing estimators for parameters determining its form. They can 
be determined by the methods: MM, NLSM and MLM. The 
Method of Moments was applied in this work. However, this 
method usually does not provide optimal estimators, for its 
selection persuades the easiness of calculating the parame-
ters looked for. Moreover, the estimators of the distribution 
parameters assure the same characteristics as the character-
istics calculated from the data.
Estimators of the looked for parameters determined by 
the method of moments are given by equations:
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However, the estimation performed by this method has 
certain limitations being the result of the estimators proper-
ties. But it is very convenient, since the calculation of two 
¿ rst moments of distribution is suf¿ cient.
Alternatively, estimation of parameters of the assumed 
density probability distribution function for the analysed re-
sults of the sound level control can be carried out by means of 
the NLSM (non-linear least squares method) or MLM (min-
imal likelihood method). The solution based on the NLSM 
consists in minimizing the sum given by the equation:
f x f xe i
i
k
( ) ( ) min−( ) →
=
∑ 2
1
 (7)
In case of the MLM (minimal likelihood method) appli-
cation, the idea of the estimation process consists in the maxi-
misation of the likelihood function: max ln ( ; ; )
( , )α β
α β
∈ =
∏
Θ
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i
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, 
which brings the estimation process to solving the following 
set of equations:
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Equations (8), leading to the determination of parameters 
of the density probability function, in a similar fashion as 
the majority of the MLM estimations, can be only solved by 
numerical methods. Identical situation is in case of looking 
for the estimator determined by the NLSM from equation 
(7). In case of models in which estimation errors have nor-
mal distribution and are not correlated with each other, the 
NLSM and MLM estimators should coincide and have the 
desirable properties of compatibility, effectiveness and be 
unbiased (Rydlewski 2009). 
Estimations by the NLSM (non-linear least squares meth-
od) and MLM (minimal likelihood method) provide theoret-
ically (at ful¿ lling certain assumptions in their application) 
much better estimators than the method of moments (MM). 
However, on account of a dual-modality property, observed 
in the histogram of the sound level measurement, results cal-
culated from 5-seconds samples (Fig. 3), these estimative 
solutions were given up for the method of moments (MM).
3. APPROXIMATION 
    OF THE PROBABILITY DENSITY 
    OF RANDOM SOUND LEVEL 
    MEASUREMENT RESULTS 
    BY GAMMA DISTRIBUTION
In numerous environmental investigations and assessments 
of acoustical hazards, the basic measurement parameter is 
the sound A level value, determined as the logarithm of the 
ratio of the acoustic pressure square p to the constant value
p0 = 2 · 10–5  Pa: L
t
p t
p
dtA t
t
i
i
= ⎛
⎝⎜
⎞
⎠⎟
+
∫10
1
0 0
2
1
1
log
( )
 
, where t0 – is 
length of time interval, which the integral is determined 
(from ti to ti+1 i = 1, 2, ..., n).
The sequence of its measurement results: LA i ;  i =1,2, ..., n 
determines the random test from the bases of possible mea-
surement assessments, on the grounds of which the indica-
tors of environment hazard, applied universally in the Eu-
ropean Union countries, are estimated (Directive 2002/49/
WE). Knowledge of the probability density function of the 
sound A level measurement results is necessary for their 
likelihood measuring estimation.
After analysing the random sequence of sound level mea-
surements results, it was decided that the gamma distribu-
tion form, de¿ ned by equations (4) and (5), will be subjected 
to analysis of its suitability for the density probability distri-
bution description. Its references to the – generally assumed 
in investigations – normal and trimmed-normal distribution 
were also carried out.
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Parameters of the singled out gamma distribution are as 
follows:
EX x
VarX
K
= +
=
=
=
⎧
⎨
⎪
⎪
⎪
⎩
⎪
⎪
⎪
αβ
αβ
ρ
α
α
min
2
2
6
  (9)
The root-mean square criterion of differences between 
the estimated sequence value and densities of the matched 
functions was the basis for the veri¿ cation of the correctness 
of the approximation model selection:
r f x f x f x f xe e i
i
k
( ), ( ) ( ) ( )( ) = −( )
=
∑ 2
1
  (10)
It provides information in what way the postulated prob-
ability distribution differs from the empirical distribution, 
determined on the basis of the random test from the distrib-
utive sequence.
The estimators of the analysed distribution parameters de-
termined by the NLSM gave the best estimation with respect 
to this measure. The obtained results are given in table 4.
As it results from the waveforms and shapes of the anal-
ysed distributions presented in ¿ gure 4, as well as from the 
related calculations shown in table 2, the sound LA  level 
probability distribution differs from the normal distribution. 
The skewness of this distribution is essentially different than 
in case of the Gaussian distribution. The data are more con-
centrated below the mean value (right-hand skeweness). The 
gamma distribution form assigned to the results of the sound 
LA level random test, better characterizes properties of the 
empirical distribution.
It gives smaller value of the metric of root-mean-squares 
between the analysed sequence and the histogram of obser-
vation (Tab. 4).
Table 4
Distance coef¿ cients given by equation (10) between 
the empirical probability distribution and estimated forms 
of probability distributions
Probability function r
Normal distribution fN(x) 0.00251
Trimmed-normal distribution fU(x) 0.00254
Gamma distribution LSM g(x) 0.00084
Gamma distribution MM g1(x) 0.00137
Gamma distribution MLM g2(x) 0.00103
Since the assumption of the normality of errors generat-
ed by the applied approximation is related to the estimation 
of parameters performed by the NLSM and MLM methods, 
such solutions can not be always ef¿ cient. Thus, the be-
haviour of their characteristics calculated by various meth-
ods was analysed.
Table 5
Estimators of the gamma distribution coef¿ cients at various 
methods and characteristics calculated from these distributions
Parameter MLM NLSM MM
Alfa 4.19 3.76 4.65
Beta 3.65 4.22 3.29
Characteristics
EX 55.2 dB 55.8 dB 55.2 dB
sX 7.5 dB 8.2 dB 7.1 dB
The results presented in table 5 provide information on dif-
ferences between characteristics calculated from the density 
function parameters estimated by various methods. The MM 
estimation gives the best results with respect to compatibility 
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Fig. 4. Probability distribution curves obtained from the estimation of the distribution function g x( ) by : LSM, g x1( ),  MM, g2(x),  
MLM compared with the normal distribution (n.d.) f xN ( ) with parameters μ σ,
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of characteristics from the theoretical distribution with the 
ones calculated from the test. At the MLM estimation 
EX = 55 2.  dB, which is compatible with the value calculat-
ed from the test, while the standard deviation: sX = 7 5. dB 
and the standard deviation calculated from the test: 
sXMM = 7 1.  dB. The worst effects, despite the best matching 
in relation to R measure, give characteristics calculated by 
means of parameters obtained at the estimation by the NLSM, 
EX = 55 8.  dB, while sXNLSM = 8 2. dB. The con¿ dence in-
terval for the mean value, at our number of observations, 
equals: 55 1 55 3. : .( ). Thus, it is seen that the expected value, 
determined from parameters of the distribution estimated by 
the NLSM method, does not fall even into the con¿ dence 
interval for the mean value. 
Such effect can be caused by the lack of normal distribu-
tions of the rests in the model, or by their correlation. It is 
worth to emphasise, that the NLSM estimation is performed 
on the basis of the empirical distribution determined from 
the distributive sequence, while the MM estimation is done 
on the basis of the moments calculation  and in the case of 
the MLM on the bases of all values from the test.
Thus, it is worth to draw the attention to the fact, that 
in case of estimation by the NLSM method, on the basis 
of the empirical distribution obtained from the distributive 
sequence, we can have for the disposal various distributive 
sequences of various centres and class length. As an exam-
ple, parameters of another distributive sequence – assumed 
for the analysed data – are illustrated in table 6.
Table 6
Parameters of the 2nd distributive sequence
Maximum value xmax 101.3 dB
Minimum value xmin 39.9dB
Number of classes k 120
Data range R 61.4 dB
Class length B 0.52 dB
Characteristics obtained from this sequence coincide with 
the characteristics of the distributive sequence from table 6. 
Whereas parameters obtained by the NLSM estimation for 
this 2nd distributive sequence are as follows.
Table 6
Parameters and characteristics calculated by the NLSM 
for the distributive sequence from table 5
NLSM 
Alfa 1.74
Beta 14.83
Characteristics
EX 65.7 dB
sX 19.55 dB
r 0.007 
In the case of this 2nd sequence the obtained characteris-
tics are different than the ones obtained from the test.
The analysis of the realised process of selecting the ap-
proximation for the density probability distribution function 
for the results of the sound level measurements indicated 
that choosing the method of moments for the estimation 
of its parameters is justi¿ ed despite of the lack of the pos-
sibility of attributing to it the highest effectiveness value. 
However, it assures the compatibility of the obtained by it 
characteristics with the ones from the test. Good effects can 
be expected in the considered case at the estimation of the 
probability density function by the minimal likelihood meth-
od. In case of testing the characteristic of the sound levels 
probability distribution, in consideration of its tendency to 
bimodal values, we can only speak about its approximation 
by the gamma distribution.
4. CONCLUSIONS
This paper can be regarded as a basis for the statistical 
analyses of environmental acoustical hazards, both based 
on simulation and on empirical investigations. It’s main 
achievement has been the description of the probability 
density distribution of sound levels LA by the gamma dis-
tribution. This distribution is capable of proper approxi-
mation of the measurement results of the sound level LA, 
having properties of the right-handed asymmetry of the 
random test.
This paper presents the discussion of divergence – with 
generally applied in acoustic investigations – the Gauss 
function proper for the normal distribution. The results are 
documented by analyses of monitoring of sound level LA 
changes, carried out at one of the main arteries in Lublin.
The distinctive form of the gamma distribution, for the sta-
tistical description of measurement results L i nAi , , , ...,   = 1 2 , 
constitutes a starting point for the estimation of the uncer-
tainty of results of the environment acoustical control and 
related to it analysis of the probability distributions of long-
term noise indicators. The procedures of estimating such in-
dicators are given in other papers of the authors (Batko and 
Przysucha 2010, 2011).
The argumentation, presented in the paper, can be a rec-
ommendation and encouragement for avoiding routine ap-
proaches in uncertainty assessments of the controlled noise 
indicators, and for assuming deliberate (more cautious) ap-
proaches. This is a tool for estimating the control results 
likelihood and related to it error intervals, within which the 
right control value will occur with the given probability. It 
allows for a better understanding of the control process and 
conditions of the uncertainty budget construction. It pro-
vides the possibility of obtaining more reliable analytical re-
sults of the realized vibroacoustic experiments. In practice, 
this can have an essential meaning in case of acoustical mea-
surements at the highest accuracy level as well as in case of 
environmental acoustical investigations.
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